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Abstract
In this paper, we present two observations about static spherically symmetric solutions
of the Einstein-Klein-Gordon equations. The first is a comment extending the well-known
result of the existence of static states (i.e. standing wave solutions) of the Einstein-Klein-
Gordon equations. The second more important observation shows that, in the low field limit,
the mass profiles of these static states lie along hyperbolas of constant Υ, the fundamental
constant of the Einstein-Klein-Gordon equations.
1 Introduction
The study of scalar fields in general relativity satisfying the Einstein-Klein-Gordon equations
has been common in the literature for a very long time (see [7, 12] among others). In the
last few decades, these solutions have been considered as a possible candidate for dark matter
[1–3,8,9,11,14–17,21,23–25]. Often these solutions are referred to as boson stars or scalar field
dark matter [1–4, 8–11, 13–17, 20–25]. Recently, Bray has added to this discussion compelling
geometrical reasons to advocate scalar fields as a candidate for dark matter [5,6]. In his work, due
to the fact that the Klein-Gordon equation is a wave-like equation, he referred to these solutions
as wave dark matter and we have adopted that name here as well. Specifically, wave dark
matter refers to any solution of the Einstein-Klein-Gordon equations whether static, spherically
symmetric, or otherwise.
In this paper, we make a few useful remarks on the properties of static spherically symmetric
solutions of wave dark matter. The solutions we consider here are usually referred to as static
states or boson stars (see [1, 2, 4, 23] among many others).
2 Spherically Symmetric Static States
To describe the Einstein-Klein-Gordon equations in spherical symmetry, we use the setup dis-
cussed in the survey article by the author [19]. We include here for convenience only the
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A. Parry Spherically Symmetric Static States of Wave Dark Matter
equations from [19] and refer the reader to the detailed discussion about them there. Consider
the Einstein-Klein-Gordon system
G = 8piµ0
(
df ⊗ df¯ + df¯ ⊗ df
Υ2
−
(
|df |2
Υ2
+ |f |2
)
g
)
, (1a)
2gf = Υ
2f, (1b)
where f is a complex-valued scalar field and µ0 and Υ are positive real constants. We work in
spherical symmetry with the metric in polar-areal coordinates written in the form
g = −e2V (t,r) dt2 +
(
1− 2M(t, r)
r
)−1
dr2 + r2 dσ2 (2)
for real valued functions V and M . In this case, the Einstein-Klein-Gordon equations reduce to
the following set of ODEs [19].
Mr = 4pir
2µ0
(
|f |2 +
(
1− 2M
r
) |fr|2 + |p|2
Υ2
)
, (3a)
Vr =
(
1− 2M
r
)−1(M
r2
− 4pirµ0
(
|f |2 −
(
1− 2M
r
) |fr|2 + |p|2
Υ2
))
, (3b)
ft = pe
V
√
1− 2M
r
, (3c)
pt = e
V
(
−Υ2f
(
1− 2M
r
)−1/2
+
2fr
r
√
1− 2M
r
)
+ ∂r
(
eV fr
√
1− 2M
r
)
. (3d)
Note also the following equation which is automatically satisfied by satisfying the equations
above [19].
Mt =
8pir2µ0e
V
Υ2
(
1− 2M
r
)3/2
Re(frp¯). (4)
Next, we employ the common ansatz that f is of the form
f(t, r) = eiωtF (r), (5)
with ω ∈ R. Usually, when this ansatz is used, F is assumed to be real-valued (see [2, 4, 12]
among others). Bizon and Wasserman [4] gave a description of the solutions produced in this
case called static states. But one might ask, why assume F is real-valued? Our first comment
concerns this question. If F is complex-valued and of special type, then it turns out that the
only solutions are still those found in [4]. The following proposition can also be found in the
author’s dissertation with a more detailed proof [18]. We only present the most interesting part
of the proof here.
Proposition 2.1. Let (N, g) be a spherically symmetric asymptotically Schwarzschild spacetime
that satisfies the Einstein-Klein-Gordon equations (1) for a scalar field of the form in (5).
Additionally, assume that F (r) = h(r)eia(r) for smooth real-valued functions h and a, where
h has only isolated zeros, if any. Then (N, g) is static if and only if a(r) is constant.
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Proof. If a(r) = 0, then the fact that (N, g) is static is shown in [4]. It is shown that (N, g) is
static if and only if Mt ≡ 0 in the extended proof of this proposition in [18]. By equation (4),
Mt ≡ 0 if and only if Re(frp¯) ≡ 0. A short computation yields that this is true if and only if
Re(−iωF ′(r)F (r)) ≡ 0 or equivalently that F ′(r)F (r) is real valued. By assumption, F (r) can
be written as
F (r) = h(r)eia(r) (6)
for smooth real-valued functions h and a. Then we have that
F ′(r)F (r) = h′(r)h(r) + ih(r)2a′(r). (7)
Since h and a are both real-valued, we see that F ′(r)F (r) is real if and only if h(r)2a′(r) ≡ 0.
Since h has only isolated zeros, h(r)2a′(r) ≡ 0 if and only if a′(r) ≡ 0 or equivalently a(r) is
constant.
Note that if a 6= 0, then the resulting solution, f(t, r) = eiωteiah(r) is equivalent to the usual
ansatz of a standing wave f(t, r) = eiωtF (r) with F real valued if the prior solution starts at
t = −a/ω instead of t = 0. That is, a 6= 0 is simply a t-translation of the usual standing wave
solutions in [4].
3 Families of Static States
The more important comment in this paper concerns a few interesting relationships of the
parameters defining static states. Substituting equation (5) with F real-valued into the system
(1) yields the first order system of ODEs
M ′ = 4pir2µ0
[(
1 +
ω2
Υ2
e−2V
)
|F |2 +
(
1− 2M
r
) |H|2
Υ2
]
, (8a)
V ′ =
(
1− 2M
r
)−1{M
r2
− 4pirµ0
[(
1− ω
2
Υ2
e−2V
)
|F |2 −
(
1− 2M
r
) |H|2
Υ2
]}
, (8b)
F ′ = H, (8c)
H ′ =
(
1− 2M
r
)−1 [(
Υ2 − ω
2
e2V
)
F + 2H
(
M
r2
+ 4pirµ0 |F |2 − 1
r
)]
, (8d)
where H is defined by equation (8c). To solve these equations numerically, we need boundary
conditions both at r = 0 and r = rmax, the largest r-value included in the computation.
For regularity at r = 0, H(0) = 0 and M(0) = 0. Note that if F (0) = F0 6= 0 (if F (0) = 0,
then F ≡ 0 [18]), then we can factor F0 out of f in equations (1a) and (1b). In (1b), F0
cancels and in (1a), (F0)
2 can be absorbed into the value of µ0. This yields another solution to
the system (1) qualitatively equivalent to the first, but with F (0) = 1. Thus, without loss of
generality, set F (0) = 1.
Next we consider the behavior of the functions at the outer boundary. Since N is asymp-
totically Schwarzschild, there exist constants, m ≥ 0, called the total mass of the system, and
κ > 0, and a Schwarzschild metric gS given by
gS = −κ2
(
1− 2m
r
)
dt2 +
(
1− 2m
r
)−1
dr2 + r2 dσ2, (9)
3
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such that g approaches gS as r →∞. This yields the following asymptotic boundary conditions.
2gSf → Υ2f and f → 0 as r →∞, (10)
e2V → κ2
(
1− 2M
r
)
as r →∞. (11)
The first boundary condition (10) implies by equation (3a) that Mr → 0 as r → ∞ and hence
M approaches a constant value as r → ∞. Given equations (2), (9), and the second boundary
condition (11), this constant will be the parameter m in (9). To deal with these equations
numerically, we will impose these conditions at r = rmax.
In this case, equation (11) becomes
e2V (rmax) ≈ κ2
(
1− 2M(rmax)
rmax
)
0 ≈ V (rmax)− 1
2
ln
(
1− 2M(rmax)
rmax
)
− lnκ. (12)
For (10) at r = rmax, we require f to approximately solve the Klein-Gordon equation (1b)
in the Schwarzschild metric (9). Computing the Laplacian in the Schwarzschild metric, this
equation becomes(
1− 2m
r
)2
F ′′ +
(
1− 2m
r
+
(
1− 2m
r
)2) F ′
r
−
(
Υ2
(
1− 2m
r
)
− ω
2
κ2
)
F = 0. (13)
For large r, this simplifies to
F ′′ +
2F ′
r
−
(
Υ2 − ω
2
κ2
)
F = 0. (14)
This ODE is routinely solved and has the general solution
F =
C1
r
e
r
√
Υ2−ω2
κ2 +
C2
r
e
−r
√
Υ2−ω2
κ2 (15)
for some constants C1, C2 ∈ R. Now equation 10 also requires that F → 0 as r → ∞ so that
f → 0 as well. Thus C1 = 0 and we relabel C2 as simply C. That is, at r = rmax, we require
F =
C
r
e
−r
√
Υ2−ω2
κ2 . (16)
We have no way of directly determining the correct value of C in equation (16) associated with
a given static solution. However, if we differentiate equations (16) with respect to r, we obtain
F ′ = −C
r
e
−r
√
Υ2−ω2
κ2
√
Υ2 − ω
2
κ2
− C
r2
e
−r
√
Υ2−ω2
κ2
= −
(√
Υ2 − ω
2
κ2
+
1
r
)
F, (17)
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which does not depend on C. Then the condition that at r = rmax, f approximately satisfies
the Klein-Gordon equation with the Schwarzschild background metric reduces to requiring that
F ′(rmax) +
(√
Υ2 − ω
2
κ2
+
1
rmax
)
F (rmax) ≈ 0. (18)
Essentially, this condition imposes that F is decaying appropriately to 0. It also puts a restriction
on the possible values of ω. Since the left hand side of the above equation must be real, we have
that Υ2 − ω2
κ2
≥ 0, or equivalently, ∣∣∣ω
κ
∣∣∣ = ω
κ
≤ Υ. (19)
That is, ω/κ ∈ [0,Υ]. For simplicity in our calculations, we set κ = 1 so that the metric is
asymptotic to the standard Schwarzschild solution.
With both of these boundary conditions in mind, we see that the parameters Υ, µ0, ω, and
V (0) = V0 define solutions to the system (8). Then we solve this system as follows. For some
choice of Υ and µ0, we require at r = 0 that
F (0) = 1, H(0) = 0, M(0) = 0, V (0) = V0, (20)
and choose ω and V0 via solving a shooting problem to satisfy
F ′(rmax) +
(√
Υ2 − ω2 + 1
rmax
)
F (rmax) ≈ 0, (21)
V (rmax)− 1
2
ln
(
1− 2M(rmax)
rmax
)
≈ 0. (22)
See [18] for a more detailed computation of these ODEs and boundary conditions.
Since equations (21) and (22) are necessary for the system to make physical sense, the choice
of Υ and µ0 completely define the set of static states. It is discussed in [4], albeit with different
notation, that a choice of Υ and µ0 corresponds to a countable set of solutions where each
member can be distinquished by the number of nodes n it has. An example of a ground state
(n=0), first excited state (n=1), and second excited state (n=2) is depicted in figure 1 with
corresponding plots of the mass function M in figure 2.
One might ask if there is some explicit relationship between the choice of Υ and µ0 and
the choice of ω and V0 and it turns out that there is. In fact, we have also found expressions
for the total mass m of the system (the constant to which the mass function M is asymptotic)
and the half-mass radius rh, that is, the radius rh for which M(rh) = m/2. These expressions
were found by numerically computing static states for several different values of Υ and µ0, all
of which yielded states in the low field limit. We analyzed the resulting values and found that
certain log plots between the values were linear. We have collected in Figure 3 some of these
plots for the ground state that led to this conclusion.
These log plots yielded the following expressions, which we emphasize are only expected to
hold only in the low field limit. Let ωn, V n0 , m
n, rnh be respectively the values of ω, V (0), m,
5
A. Parry Spherically Symmetric Static States of Wave Dark Matter
Figure 1: Plots of static state scalar fields (specifically the function F (r) in (5)) in the ground
state and first and second excited states. Note the number of nodes (zeros) of each function.
Figure 2: Mass profiles for a static ground state and first and second excited states.
Figure 3: Left: Log plot of the parameters ω and µ0 for a ground state and constant value of
Υ = 5. The slope of this plot is almost exactly 1/2. We get the same slope for other values of Υ,
thus ω(Υ, µ0) = Υe
Cfrequency(Υ)
√
µ0 . Right: Log plot of the parameters Cfrequency(Υ) and Υ for
a ground state. The slope of this plot is almost exactly −1. Thus Cfrequency(Υ) = Cfrequency/Υ,
where Cfrequency is a constant. Similar plots exist for any n
th excited state.
6
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n Cnfrequency C
n
potential C
n
mass C
n
radius
0 −3.4638± 0.010 −6.7278± 0.003 4.567± 0.05 0.8462± 0.004
1 −3.2422± 0.012 −7.5411± 0.007 10.22± 0.10 2.2894± 0.009
2 −3.1566± 0.014 −7.9315± 0.009 15.81± 0.16 3.8253± 0.014
3 −3.1062± 0.015 −8.1823± 0.010 21.37± 0.22 5.3994± 0.018
4 −3.0714± 0.015 −8.3653± 0.010 26.91± 0.27 6.9860± 0.022
5 −3.0452± 0.016 −8.5086± 0.011 32.42± 0.33 8.5606± 0.026
10 −3.0076± 0.052 −9.0018± 0.037 60.32± 1.18 15.1357± 0.039
20 −2.9949± 0.077 −9.5061± 0.074 116.62± 2.57 29.6822± 0.107
Table 1: Values of the constants in the system (23) for the ground through fifth excited states
as well as the tenth and twentieth excited states. We have given them error ranges which
encompass the interval we observed in our experiments. However, it is possible that values
outside our ranges here could be observed, though we don’t expect them to be so by much if
the discretization of r used in solving the ODEs is sufficiently fine. Note also that our values
have less precision as we increase n. This is because as n increases, it becomes more difficult to
compute the states with as much precision.
and rh for an n
th-excited state corresponding to a choice of Υ and µ0. Then we have that
ωn(Υ, µ0) ≈ Υ exp
(
Cnfrequency
√
µ0
Υ
)
, (23a)
V n0 (Υ, µ0) ≈ Cnpotential
√
µ0
Υ
, (23b)
mn(Υ, µ0) ≈ CnmassΥ−3/2µ1/40 , (23c)
rnh(Υ, µ0) ≈ CnradiusΥ−1/2µ−1/40 , (23d)
for some constants Cnfrequency, C
n
potential, C
n
mass and C
n
radius which depend only on n. We have
computed these constants for the ground through fifth excited states as well as for the tenth
and twentieth excited states and have collected these values in Table 1.
The above approximations only hold in the low field limit and are consistent with the
Einstein-Klein-Gordon equations in the low field limit. Specifically, the following approximations
represent the low field limit in our current setup,(
1− 2M
r
)
≈ 1, eV ≈ 1, (24a)
ω
Υ
≈ 1, H
Υ
≈ 0. (24b)
This is due to the fact that being in the low field limit is essentially the statement that our
system is a perturbation of the Minkowski spacetime. The line (24a) is the statement that the
metric (2) is a perturbation of the Minkowski metric, which includes claiming that the mass is
small. Note also the approximation eV ≈ 1 makes valid the Taylor polynomial approximation
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ecV ≈ 1 + cV if c is not too large. To explain the next approximation, note that, in Minkowski
space, the equation 2gf = Υ
2f is the equation
− ftt + frr + 2fr
r
= Υ2f. (25)
Our system should approximately satsify this equation if it is a perturbation of Minkowski space.
For our system to be in the low field limit, it is natural to require that f , which controls the
stress energy tensor, does not change too quickly in r at least on the scale of Υ. This translates
into fr ≈ 0 and frr ≈ 0 on the scale of Υ. This makes the above equation
− ftt ≈ Υ2f. (26)
Given our ansatz (5), equation (26) is satisfied when ω ≈ Υ, which is equivalent to the first
approximation in line (24b) above. Lastly, since F ′ = H, the final approximation in line (24b)
is the statement that F does not change much on the scale of Υ, which given equation (5) is the
same as our previous requirement that f not change much on the scale of Υ.
Applying these approximations to equation (8a) yields the following
M ′ = 4pir2µ0
[(
1 +
ω2
Υ2
e−2V
)
|F |2 +
(
1− 2M
r
) |H|2
Υ2
]
≈ 4pir2µ0
[(
1 + e−2V
) |F |2]
≈ 4pir2µ0
[
2 |F |2
]
= 8pir2µ0 |F |2 . (27)
Since M ′ = 4pir2µ, this yields that the low field limit of the energy density is 2µ0 |F |2. Applying
the approximations to equation (8b) yields
V ′ =
(
1− 2M
r
)−1{M
r2
− 4pirµ0
[(
1− ω
2
Υ2
e−2V
)
|F |2 −
(
1− 2M
r
) |H|2
Υ2
]}
≈ M
r2
− 4pirµ0
[(
1− e−2V ) |F |2]
≈ M
r2
. (28)
This approximation coupled with the previous approximation imply that the Poisson equation
∆R3V = 4pi
(
2µ0 |F |2
)
(29)
is approximately true.
The last two equations (8c) and (8d) can be rewritten as follows.
F ′′ =
(
1− 2M
r
)−1 [(
Υ2 − ω
2
e2V
)
F + 2F ′
(
M
r2
+ 4pirµ0 |F |2 − 1
r
)]
≈
(
Υ2 − ω
2
e2V
)
F + 2F ′
(
M
r2
+ 4pirµ0 |F |2 − 1
r
)
8
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F ′′ +
2F ′
r
≈ (Υ2 − ω2(1− 2V ))F + 2F ′(M
r2
+ 4pirµ0 |F |2
)
∆R3F ≈
(
Υ2 − ω2)F + 2ω2V F + 2F ′(M
r2
+ 4pirµ0 |F |2
)
≈ (Υ + ω) (Υ− ω)F + 2ω2V F + 2F ′
(
M
r2
+ 4pirµ0 |F |2
)
≈ 2Υ (Υ− ω)F + 2ω2V F + 2F ′
(
M
r2
+ 4pirµ0 |F |2
)
1
2Υ
∆R3F ≈ (Υ− ω)F +
ω2
Υ
V F +
F ′
Υ
(
M
r2
+ 4pirµ0 |F |2
)
≈ (Υ− ω)F + ω
2
Υ
V F +
F ′
Υ
(
M
r2
+ 4pirµ0 |F |2
)
≈ (Υ− ω)F + ωV F
1
2Υ
∆R3F ≈ (Υ− ω)F + ΥV F (30)
where the last line is because ω ≈ Υ.
Under these assumptions, the system (8) reduces to
M ′ ≈ 8pir2µ0 |F |2 (31a)
V ′ ≈ M
r2
(31b)
1
2Υ
∆R3F ≈ (Υ− ω)F + ΥV F. (31c)
These are essentially the Poisson-Schro¨dinger equations, which are a well known low field limit
version of the Einstein-Klein-Gordon equations. Equations (31a) and (31b) imply the Poisson
equation ∆R3V = 4piµ and equation (31c) is the Schro¨dinger equation in this setup. The set of
approximations (23) are consistent with the system (31) in that solutions scale appropriately.
For a given state and constant Υ, the approximations (23) describe a one parameter (µ0) family
of solutions to the Einstein-Klein-Gordon equations in the low field limit. If we replace µ0 by
α4µ0 for some α > 0, then equations (23) suggest that the values Υ− ω, V , M , and r scale as
follows
µ0 = α
4µˆ0, V = α
2Vˆ , (32a)
M → αMˆ, r → 1
α
rˆ, (32b)
Υ− ω → α2(Υ− ωˆ). (32c)
(32d)
The last scaling is due to the approximation ex ≈ 1 + x which holds for equation (23a) as long
as µ0 is small. Note that since r =
1
α rˆ, every derivative multiplies the scale factor by α. If we
9
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Figure 4: Left: Plot of the mass profile of a ground state with its corresponding hyperbola of
constant Υ overlayed. Any ground state mass profile that keeps the presented relationship with
this hyperbola corresponds to the same value of Υ. Right: Examples of different ground state
mass profiles corresponding to the same value of Υ. The corresponding hyperbola of constant Υ
is overlayed. Notice that all three mass profiles have the same relationship with the hyperbola.
do not scale F and make these substitutions in the system (31), we obtain
α2Mˆ ′ ≈ 8pi 1
α2
rˆ2α4µˆ0 |F |2
Mˆ ′ ≈ 8pirˆ2µˆ0 |F |2 (33a)
α3Vˆ ′ ≈ αMˆ
rˆ2/α2
= α3
Mˆ
rˆ2
Vˆ ′ ≈ Mˆ
rˆ2
(33b)
1
2Υ
α2∆R3F ≈ α2(Υ− ωˆ)F + Υα2Vˆ F
1
2Υ
∆R3F ≈ (Υ− ωˆ)F + ΥVˆ F. (33c)
Thus the Einstein-Klein-Gordon equations in the low field limit are approximately invariant
under the scalings implied by the approximations (23).
A remarkable property of the system (23) is the relationship it produces between Υ, m, and
rh. We observe from equations (23c) and (23d) that the product mrh does not depend on the
parameter µ0. Specifically,
mrh =
CmassCradius
Υ2
, (34)
where we have suppressed the notation of n. If Υ is constant, then, because both Cmass and
Cradius are positive for all n (see Table 1), the right hand side of this equation is some positive
constant, k, and we have that
mrh = k, (35)
which defines a hyperbola. Thus, for a given nth excited state, all of the possible mass profiles
for a constant value of Υ lie along a hyperbola. We illustrate this phenomenon in Figure 4. This
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has important implications in being able to determine values of Υ that can produce physically
plausible mass profiles.
4 Outlook
The remarks made in this paper are useful in understanding the implications of wave dark matter
in the case where the spacetime is static and spherically symmetric. In particular, the fact that
the mass profiles of static states lie on hyperbolas of constant Υ can be used to test various
values of Υ against actual data and contribute to the determining of whether wave dark matter
is a viable dark matter candidate.
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